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An effective mathematical method to deal with the viscoplastic lubrication model 
is presented here by applying the parametric variational principle {Zhong, 1985). 
The plastic slippage of lubricant would occur at the lubricated surfaces under iso-
thermal lubrication. The boundary tangential velocity, therefore, can be taken as 
the parametric vector (or the control vector) in variational process. The mathe-
matical model of the original problem is finally reduced to a complementarity 
problem. The algorithm presented in this paper is simple and reliable and shows 
promise in engineering application. 
1 Introduction 
It has been found that the rheological behavior (constitutive 
relationship) of lubricant has a great influence on lubrication 
property. For high speeds or high pressures the lubricant be-
haves as a non-Newtonian fluid. During the past years, the 
fact that traction in EHD contacts seldom exceeds one-tenth 
of the average pressure and that this could not be explained 
in terms of a Newtonian viscous fluid led many non-Newtonian 
rheological models to be developed. Smith (1959 and 1960) 
first proposed a limiting shear stress concept for lubricant. 
This model was later confirmed experimentally by Bair and 
Winer (1979 and 1990) and others (Ramesh and Clifton, 1987). 
Wilson et al. (1977 and 1989) developed a so-called viscoplastic 
model in which the shear stress is limited by a limiting value 
TL below which the lubricant behaves as a Newtonian fluid 
with viscosity rj: 
yy, \y\<TL/ri 
77, sign(Y), \y\>TL/r] 
(la) 
(\b) 
The limiting shear stress is given by 
TL = T0 + kp (2) 
where TO is initial shear strength and k a proportionality con-
stant. 
The rheological model shown in Eq. (1) is a simplified result 
suggested by experimental observations (Bair and Winer, 1979 
and 1990, Ramesh and Clifton, 1987). Jacobson and Hamrock 
(1984) first obtained a solution for isothermal EHD line con-
tacts using the above model. They analyzed the possibilities 
of the tangential velocity slippages and divided the velocity of 
the fluid film into five distinct zones that might exist in an 
EHD line contact. Four forms of Reynolds' equation corre-
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spond to the five zones. Finite difference methods were used 
to obtain complete numerical solutions. Recently the experi-
mental observations of tangential velocity slips in EHD con-
tacts were reported by Kaneta et al. (1990). Independently of 
the work of Jacobson and Hamrock, Wilson and Huang (1989) 
applied the above model to the analyses of a metalforming 
inlet zone. 
Strozzi (1985) first discussed the tangential velocity slippage 
problem in terms of complementarity. But his analysis was 
limited by the assumptions: (1) the tangential velocity slippage 
occurred at only one of the two lubricated surfaces; (2) the 
direction of shear stress on this surface did not vary along the 
sliding direction; (3) the inflow is known. Obviously, assump-
tions (1) and (2) seem not reasonable at least in EHD contacts 
(Jacobson and Hamrock, 1984) and the inflow is difficult to 
be determined in many cases. Therefore, his analysis is of 
limited practical importance. Here, none of the three assump-
tions are made, and a generalized theory is presented. 
The parametric variational principle, which has been suc-
cessfully used in structure analyses and elastoplastic mechanics 
(Zhong et al., 1985 and 1988), is first extended to deal with 
the lubrication problem of viscoplastic fluid in the present 
paper. Thermal effects and side leakage are neglected. In fact, 
the key to solve this problem is how to deal with the tangential 
velocity slips. The solution process of finite element algorithm 
is discussed in detail. The original problem is finally reduced 
to a complementary problem for which there are many suc-
cessful methods available. 
Cavitation is also of importance. A lot of numerical methods 
for cavitation in lubrication have been presented during the 
past years. This paper at present does not deal with this prob-
lem. 
2 The State Equations (Control Equations) 
Following elastoplastic mechanics, the yield function of lu-
brication problem can be written as 
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Fig. 1 The lubrication model 
/ ( r , / 7 ) = l r l - r L < 0 (3) 
The lubricant behaves as a Newtonian fluid if / < 0. The 
plastic shear (slippage) occurs if / = 0. No shear is obtained 
if / > 0. Considering the lubrication model shown in Fig. 1, 
following assumptions are made: 







The viscosity is constant across the film thickness. 
The lubricant is incompressible and exhibits laminar 
Inertial forces are negligible. 
Fluid velocities at the surfaces are equal to those of the 
surfaces if the stresses at the surfaces are less than the limiting 
shear stress. 
When side leakage is neglected, the equilibrium equation 
reads: 
From assumption (1): 
dr dp 
dz dx 
T = ~r- z + rb dx 
(4) 
(5) 
where rb is the shear stress at the bottom surface. It can be 
found that the shear stress of lubricant varies linearly with z, 
the film thickness ordinate. Thus the maximum of shear stress 
occurs at the top and/or bottom surface(s). In other words 
only the fluid at the top and/or bottom surface(s) might be 
subject to limiting shear stress or plastic slippage. Conse-
quently, the yield function (3) can be expressed as 
ffi[) = Ta-TL<0 
\f?=-Ta-TL<kO 







where T„ is the shear stress at the top surface, /J,1' and /„2> 
denote the yield functions respectively when ra > 0 and T„ < 
0, fb
[) and fb
2) denote those functions when rb > 0 and rb < 
0. 
Since it is at the top and/or bottom surface(s) that the plastic 
slippage might occur, the lubricant between the two lubricated 
surfaces is still Newtonian. Substituting Eq. (la) into (5) and 
integrating, we obtain: 
u^fz^^z + ub (7) 
2T) OX t] 





































































limiting shear stress 
initial shear strength 





length of slider 
film pressure 
dp/ox 
film pressure corresponding to qs 





slippage potential function 
fluid velocity 
fluid velocities at surfaces a and b 
velocities of lubricated surfaces a and b 
plastic slippage velocities 
control variable 
slack variable 




length of element e 
unit column vector 
interpolation function matrix 
node pressure vector 
node vector of dh/dt 
qs = known boundary flow vector 
u„, ub = node vectors of ua and ub 
K = V f — — — d 
^ f hdNT 
e= 1 ^e 




' " I f 
9N_7MM| dx 
dx \dTa' drb 
• Ndx 
h (d£ d£\Tm + w > N 
2 \ 9 T 0 ' drbl dx 
l ^e <M h \dra' drj 
' (u„e - ube)dx 
x = (x'V, x£>, xS,V, (xff, 
» = (»4V, i®, til v b
2 l . , 
m 
VJ = assembling symbol 
x(1) x (2) x l " xS?V 
, / ' ) „<2> C *') 
'2k r 
Sub- and Superscripts 
a = a, b indicating surfaces a and b 
in, out = inlet and outlet locations 
e = the eth element 
/ = 1 and 2 corresponding to ra > 0 and ra < 0 
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Fig. 2 The sign of the shear stress acting on the lubricant 
Owing to the possible boundary plastic slippage, the fluid 
tangential velocities at the two surfaces, u„ and ub, would 
probably differ from those of the solid surfaces, ua and ub. 
Let 
ua = ua + Aua 
ub = ub + Aub 
(8a) 
(8b) 
where Aua and Aub are called plastic slippage velocities at the 
two surfaces. Then rb can be determined from the condition 
uz=h = ua = ua + Aua by using Eq. (7), and T„ from T„ = 
— h + rb by using Eq. (5): 
ox 
h dp ua-ub Aua-Aub 
f« = : r + — r — y + r v 
2 dx h h 
h dp ua-ub Aua- Aub 
Substitution of Eqs. (8b) and (9b) into Eq. (7) yields: 
(9a) 
(9b) 
z-zhdp (ua-ub) (Aua-Aub) 
2TJ dx z + - h 
z + ub + Aub (10) 
Since the positive direction of the shear stress is shown in 
Fig. 2, from Fig. 1 and Eqs. (8a-b) it can be found that 
sign(Aw0) = -sign(T„) and sign(Aw6) = sign(r6). In order to 
give the slippage direction gradient, the slippage potential func-
tions corresponding to the four yield conditions (6a-d) are 
defined as follows 
,P>-„ 0 ) = (2). 
5 0 7<7! SO = Tb, ~?b (11) 
It is obvious that the slippage regulations, which are named 
after the plastic flow regulations used in elastoplastic me-
chanics, are not associated. The plastic slippage velocities can 







where ga = (£>, g^)
T, \a = (XL", X<?)
r, a = a,b. X<,;) denotes 
the absolute value of the tangential slip velocity in direction 
—— be at surface a (i = 1, 2). In the following, capital 
0T„ / 
black-letters are used to express the matrices and small black-
letters to express the vectors. Substituting Eqs. (2), (9a-b) and 
(\2a-b) into Eqs. (6a-d) yields the state equations (control 
equations) 
J a ~~ 
h dp ua-ub 
2 dx + _ " + A 
/ a




dr„ %* drb 
(ro + kp) = 0 (13a) 
X „ - | ^ 
OTb 




i A u 6 < 0 
"Aua<0 
_M(xa,p) '• 
Yl" = 0 
fi2) = o 
Fig. 3 The slippage constitutive relationship of viscoplastic lubricant 
,n> hdp ua-ub 
2 9A: h h [$>-$>] 
-(j0-kp)<.0 (13c) 
(2) h dp ua-ub i) 
2 dx h h [$M%\ 
-(To + kp)<0 (13d) 
I f / i " < 0(i =1,2; a = a, b), Xa'> = 0, no plastic slippage 
in direction 
drn 
x is expected. If fa° = 0, \a
n > 0, plastic 
slippage in the corresponding direction is predicted. No case 
of fa' > 0 will take place. By introducing the slack variables 
pa° into Eqs. (\3a-d), the following complementary problem 
is obtained 
fa(P',P, K, W + V, (/'). 0 
i l ' l „ < ' ) -
(14«) 
(14b) 
\i=l, 2; a = a, b) 
where p' = dp/dx. The following relations are automatically 
satisfied 
XL".XL2) = 0, (a = a, b) (15) 
Equations (lAa-b) are called the state equations of the plastic 
slippage problem. Its meaning is shown in Fig. 3. If the lu-
bricant stress at a surface is located at line fa
n = 0, plastic 
slippage will occur at the surface. If the stress is located at 
some point between the lines f^ = 0 and /^2) = 0, say, the 
point M, no plastic slippage will take place. The slack variable 
i^' has the following relationships with the shear stress ra and 
the film pressure p 
v{a=^ + kp-Ta (Ida) 
, < 2 > , To + kp + Ta (16b) 
(a = a, b) 
3 Variational Functional of Reynolds' Equation of 
Viscoplastic Lubrication Model 
The flow continuity condition of one dimensional flow is 
d_ 
dx ^0 
udz + — = 0 
dt 
(17) 
Substituting Eqs. (12a-b) and (10) into (17) and integrating, 
the one-dimensional Reynolds' equation of viscoplastic fluid 
reads: 
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d^\xa+(^)Xb - ? = 0 (18) dt 
This equation can also be used to deal with the boundary 
tangential velocity slip problem (Strozzi, 1985). The functional 
of Eq. (18) is written as (Huebner, 1975) 




where xin and xoM are, respectively, the inlet and outlet location 
coordinates, qs is the known volume flow and ps is the unknown 
film pressure corresponding to qs. In the parametric variational 
principle, the symbol J(p) means that only p is taken as the 
variable in the variational process, but the parametric (control) 
vector X = (Xj, Xb)
T does not. However, X will control the 
variational process by state Eqs. (14a-Z>). This is actually the 
basic idea of modern optimal theory. To sum up, the para-
metric variational principle can be written as follows: 
Find p— 
min./(p) (20a) 
s . t . / i ' V . p , A,, A6)+ *</> = 0 (20b) 
(20c) X</».^» = 0, A<'>>0, „«'>2:0 
(/'=!, 2; a = a, b) 
4 Finite Element Algorithm 
The one-dimensional lubrication regime is divided into m 
finite elements with n nodes. It is assumed that X„', which 
characterizes the slippage state, is constant in each element. 
After discretization equation group (20) becomes: 
1 T 
min. / (p) = -pKp-p 7 [B(u a + u6) + < M - W h - q ] (21a) 
s.t. Cp-MX + d - c = 0 
\T'v = 0, X>0, v>0 
(21b) 
(21c) 
where capital black-letters denote matrices and small black-
letters denote vectors (see nomenclature). 
Equations (2\a-c) compose an optimization problem with 
complementarity constraints. But in parametric variational 
principle (Zhong, 1985; Zhong and Sun, 1988), this problem 
is called parametric quadratic programming. Letting bJ(p)/ 
5/7 = 0 gives: 
Kp = B(u0 + U(,) + < M - W h - q (22) 
Solving for p in Eq. (22) and then substituting it into Eq. 
(21Z?), the following complementary problem is obtained: 
y - ( c K - V - M ) X = CK-'[B(ua + u 6 ) - W h - q ] + d (23a) 
Xr.e = 0, X>0, v>Q (23b) 
Problem (23a-b) can be solved by many methods (Boot, 1964). 
After X is obtained from Eqs. (23a-b), p can be easily obtained 
from Eq. (22). The friction force acting on surface a or b can 
also be obtained by means of numerical integration according 
to the relations between surface shear stress ra and slack vari-
able ,.(') as shown in Eqs. (\6a-b). 
5 Discussion 
The assembling method of the global matrices K, B, and W 
is the same as used in common finite element method for 
0 . 2 5 0 . 5 0 . 7 5 
x / B 
Fig. 4 Pressure and shear stresses of Newtonian lubricant 
lubrication problem. However, it should be pointed out that 
the matrices <j>, C, and M are contiguous and diagonal in blocks 
which are just the related submatrices of the elements. More-
over, in a practical lubrication problem the slippage states of 
some (even most) of the elements can be known from a simple 
analysis. This makes many elements' constraints unnecessary 
and, thus, makes the scales of <j>, C, M and some related vectors 
become rather small. 
The treatment of pressure boundary conditions is not dif-
ferent from that used in ordinary finite element technique. The 
detailed discussion for this problem is out of the scope of 
present paper. 
In the present work, only the viscoplastic lubrication model 
is discussed. But the basic idea can also be extended to deal 
with Bingham model or other multilevel linear constitutive 
relationships. Furthermore, if the dependence of viscosity on 
pressure is considered, for example in EHD contacts, Eqs. (22) 
to (23) will be more difficult to solve. In such a case, however, 
an interative process can be used for the solution. Finally, if 
the thermal effect is considered, the plastic slippage probably 
occurs either at the surface(s) or within the film. In this case, 
temperature changes across the film thickness should be con-
sidered and, thus, the problem is two-dimensional. 
Besides the viscoplastic property of lubricant, the viscoelastic 
property is also important. But, in the present paper the vis-
coelastic property is neglected. 
6 Numerical Examples 
In order to demonstrate the use of the present method, the 
method was first examined by all the tangential velocity slip 
examples given by Strozzi (1985). Here another two numerical 
examples are given. Consider a slider bearing shown in Fig. 
4. The oil film geometry: hm = 10 ;iim, hoM = 8 /im and B = 
10 cm. The lubricated surfaces are assumed to be rigid. The 
sliding speeds ua = 0, ub = u = 0.04 m/s. The lubricant 
viscosity is assumed to be constant. The following two cases 
are studied: 
Example 1 r0 — °°, i.e., the lubricant is a Newtonian fluid. 
The viscosity r/ = 47N»s/m2 (silicone oil at temperature 22°C, 
Wilson and Huang, 1989). The lubricated zone is divided into 
19 elements with 20 nodes. The calculated results are shown 
in Fig. 4. 
Example 2 T0 = 0.2MPa, k = 0, 17 = 47N-s/m
2. The 
calculated results given in Fig. 5 show that slippages occur at 
both the surfaces. 
From Figs. 4 and 5, it can be seen that there are great 
differences between the obtained results from Newtonian and 
viscoplastic fluids. Firstly, for viscoplastic fluid, the location 
of the maximum pressure moves towards to the left of the 
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Fig. 5 Pressure, shear stresses, and slippage velocities of the visco-
plastic lubricant 
lubricated zone if the slippages occur. For Newtonian fluid, 
however, the maximum pressure is always located at the right. 
If there is no slippages, the obtained results from viscoplastic 
fluid is the same as those from Newtonian fluid. Secondly, the 
maximum pressure of viscoplastic fluid, when slippage occurs, 
is less than that of Newtonian fluid. Thirdly, the maximum 
surface shear stresses of viscoplastic fluid are the limiting shear 
stress (or the initial shear strength in the present example). The 
slippages occur where the surface shear stress equals the lim-
iting shear stress. Finally, on the above surface, the slippage 
occurs first at the outlet zone. On the bottom surface, however, 
the slippage occurs first at the inlet zone. 
It should be pointed out that the intention of the above two 
numerical examples is only to show the feasibility and reliability 
of our method. Some of the assumptions, for examples, rigid 
surfaces and viscosity independent of pressure, are probably 
unreasonable in EHD contacts. The research work of the ap-
plication of our method in EHD contacts will be reported in 
the near future. 
7 Conclusion 
The parametric variational principle for the isothermal lu-
brication of viscoplastic fluid is first presented in this paper. 
The plastic slippages occur at the two lubricated surfaces if 
the film pressure is assumed to be constant across the film 
thickness. The boundary tangential velocity slippages, there-
fore, can be taken as the parametric vector (control vector). 
The original problem can be reduced to minimizing a functional 
with the constraints resulting from the constitutive relationship 
of the lubricant. 
In this paper, a lot of terms related to elasto-plastic theory 
are used to describe the mechanical properties of the lubricant. 
The slippage potential function g^ (i = 1, 2, a = a, b) is 
similar to the plastic potential function used in elasto-plastic 
mechanics. Because the slippage potential function #£'' is not 
equal to the yield function/^", the plastic slippage of lubricant 
is not associated. 
For a slider bearing, there are considerable differences be-
tween the lubrication effects of viscoplastic and Newtonian 
fluids. Firstly, for viscoplastic fluid, the location of the max-
imum pressure moves towards to the inlet if slippages occur. 
For Newtonian fluid, however, the maximum pressure is al-
ways located at the outlet part. Secondly, the maximum pres-
sure of viscoplastic fluid, when plastic slippage occurs, is less 
than that of Newtonian fluid. Thirdly, the surface shear stresses 
of viscoplastic fluid are limited by the limiting shear stress. 
The slippage occurs where the surface shear stress equals the 
limiting shear stress. However, if the surface shear stresses are 
not greater than the limiting value, there are not any differences 
between the lubrications of viscoplastic and Newtonian fluids. 
As the limited length of the paper, only two numerical ex-
amples are shown. But they show the basic idea of the para-
metric variational principle. The method developed in the 
present paper can also be extended to other limiting shear 
models, for instance the Bingham rheological model. This work 
will be continued. 
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